Abstract-In this letter, we present the performance of broadband bi-directional transmission with analog network coding (ANC) in a frequency-selective fading channel. To cope with the channel frequency-selectivity we introduce the use of frequency domain equalization (FDE) with broadband ANC based on orthogonal frequency division multiplexing (OFDM) and single carrier (SC) radio access. We evaluate, by theory and computer simulation, the achievable bit error rate (BER) and ergodic capacity of bi-directional ANC scheme based on OFDM and SC-FDE radio access in a frequency-selective fading channel. Our results show that SC-FDE achieves a better BER performance, but on the other hand, a lower ergodic capacity in comparison with OFDM in a frequency-selective fading channel. Through both analysis and computer simulation, our findings show that a drawback of ANC scheme is its lack of diversity combining at the destination, which causes a slightly lower ergodic capacity in comparison with cooperative relaying irrespective of radio access scheme.
I. INTRODUCTION
T HE future wireless networks are envisaged to offer a broadband ubiquitous coverage in large areas with high capacity. Network coding had been studied in the context of distributed source coding as a promising technique to improve capacity in wired networks [1] . Although the original investigation of network coding was in the context of wired networks, its potential to improve the performance in wireless networks becomes more significant due to the broadcast nature of the wireless medium [2] .
Direct application of network coding at the physical layer (PNC) [3] , [4] in a wireless relay network increases the capacity of bi-directional communication. In [3] - [6] , the network capacity and the bit error rate (BER) of PNC scheme in a frequency-nonselective fading channel was studied. Henceforth, we refer to these schemes as narrowband PNC. In narowband PNC, the relay uses logical operations to map received signal into a digital bit stream, so that the interference becomes a part of the arithmetic operation in network coding. The narrowband analog network coding (ANC) proposed in [7] is essentially another variation of PNC with a simpler implementation, where the relay amplifies and broadcasts the received signal without any processing [7] . To date, this method has been addressed in the literature mainly within information theory group for bi-directional communication over a narrowband Gaussian symmetric (i.e., link between the Manuscript received July 15, 2009; revised December 13, 2009; accepted February 4, 2010 . The associate editor coordinating the review of this letter and approving it for publication was K. B. Lee.
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users and relay and vice versa is assumed identical) channel. The broadband communication over more realistic wireless multipath (i.e., frequency-selective) channels has not been addressed.
The wireless channel is characterized as a multipath propagation environment giving rise to inter-symbol interference (ISI) that may significantly degrade the system performance [8] . To cope with the channel impairments two broadband transmission techniques are widely used: ( ) orthogonal frequency division multiplexing (OFDM) [8] and ( ) single carrier with frequency domain equalization (SC-FDE) [9] . Most of the work on narrowband ANC (and/or PNC) points out its advantage that the network capacity is doubled in comparison with conventional point-to-point communication. However, a more important issue, from the wireless communication perspective, is the achievable performance of ANC scheme in a frequency-selective fading channel. Hence, the use of FDE with ANC scheme in a frequency-selective fading channel based on broadband radio access technologies is required. Henceforth, we refer to this scheme as broadband ANC. This paper introduces a broadband bi-directional communication with ANC scheme based on OFDM and SC-FDE radio access in a frequency-selective fading channel. The equalization weight based on zero forcing (ZF) and minimum mean square error (MMSE) criteria required for broadband ANC communication based on OFDM and SC-FDE signaling, respectively, are derived. We evaluate the achievable bit error rate (BER) and ergodic channel capacity of broadband ANC in a frequency-selective fading channel by theory and computer simulation. In the case of broadband ANC based on SC-FDE, the BER and ergodic network capacity expressions are derived based on the Gaussian approximation of the residual intersymbol interference (ISI) after FDE, while the performance of broadband ANC based on OFDM radio access is used as a reference. We, first, compare the achievable BER and then, we compare the ergodic capacities of broadband ANC scheme, conventional relaying [10] and conventional network (i.e., single source and destination terminals without relaying) in a frequency-selective fading channel. Distinct aspect here from related work is that we take into consideration the channel frequency-selectivity and introduce FDE weights to cope the channel distortions from all terminals. Our findings show that a drawback of broadband ANC scheme is its lack of diversity combining at the destination end. A natural consequence is a lower ergodic capacity in comparison with cooperative relaying scheme from the end user's perspective. Hence, an appropriate diversity scheme for broadband ANC should be presented to further improve the capacity similar as cooperative relay networking case. We note here that our analysis is based on the assumption of perfect knowledge of channel state information (CSI) and perfect self-information removal.
The remainder the letter is organized as follows. Section II gives an overview network model. The theoretical performance analysis is presented in Sect. IV. In Sect. V, simulation results and discussions are presented. Section VI concludes the paper.
II. NETWORK MODEL
The relay network model is illustrated in Fig. 1 . We assume that coverage area of terminals 0 and 1 include the relay terminal, while they are out of each other's transmission range. Each terminal is equipped with an omni-directional antenna, and the communication takes place in two orthogonal stages as summarized in Table I . During the first stage, 0 and 1 transmit, while during the second stage, the relay broadcasts the received signal to both 0 and 1 using amplify-andforward network protocol [10] .
Information bit sequence of length is channel coded, bit interleaved and mapped into the transmit data symbols, chosen from a complex-valued quadrature phase shift keying (QPSK) modulation scheme. The th terminal sequence is divided into blocks { ( ); The SC-FDE transmit signal is given by { ( ) = ( ); = 0 ∼ −1}, while in the case of OFDM { ( )} is fed to inverse fast Fourier transform (IFFT) to generate a time domain OFDM signal { ( ); = 0 ∼ − 1} [8] . After insertion of -sample guard interval (GI) the signal is multiplied by a power coefficient (= / ), where and denote the data-modulated symbol energy and the sampling interval of IFFT. Finally, the signal is transmitted over a frequency-selective fading channel with a discrete-time channel impulse response ℎ , ( ) = ∑ −1 =0 ℎ , , ( − ), where , ℎ , , , and ( ) denote the number of paths, the path gain between the th terminal and relay at stage , the time delay of the th path and the delta function. Without loss of generality, we assume 0 = 0 < 1 < ⋅ ⋅ ⋅ < −1 and that the th path time delay is = Δ, where Δ (≥ 1) denotes the time delay separation between adjacent paths. 
Stage I:
The signal received at the relay terminal during the first stage may be represented in the frequency domain as
where ( ), 0, ( ) and ( ) denote the Fourier transforms of the th terminal transmit signal, the channel gain between and , and the additive white Gaussian noise (AWGN) at the relay with power spectral density 0 , respectively.
Stage II: The relay terminal amplifies the received signal and broadcasts during the second time slot. The relay terminal normalizes the received signal (1) by a factor of
so that the average energy is unity. We assume that the source terminals and the relay transmit with the same power using a half of the total available power.
At the th terminal , an -point FFT is applied to decompose the received signal into subcarrier (frequency, for SC-FDE) components represented by
for = 0 ∼ −1}, where ∈ {0, 1}. We define¯∈ {0, 1}, where the bar over the expression signifies the unitary complement operation (i.e., 'NOT' operation) that performs logical negation of the value under the bar. The th terminal removes its self information (i.e., { ( )} for OFDM and { ( )} for SC-FDE) from the received signal as
We assume that the destination terminal normalize the received signal (3) by a factor of =
so that the average energy is unity, where˜
( ) ( ) Note that the normalization will not alter the signal-to-interference plus noise power ratio (SINR), but it will assist theoretical derivations in Sect. IV. In the case of SC-FDE transmission -point IFFT is applied to (4) to obtain decision variables for data detection, while for OFDM case (4) denotes the decision variables. Finally, the log-likelihood ratio (LLR) is computed and de-interleaving followed by Viterbi decoding is carried out.
Next we derive the equalization weights that are required for broadband ANC transmission.
III. FREQUENCY DOMAIN EQUALIZATION
We introduce one-tap equalization for broadband ANC communication in the frequency domain to combat the channel frequency selectivity. The equalization weights for broadband bi-directional ANC scheme based on OFDM and SC-FDE radio access are derived, where the channel gains from both stages are taken into consideration. To our knowledge, such formulation of FDE weights for broadband ANC has not yet been reported because narrowband ANC [3] - [7] does not consider equalization since the assumption is that the wireless channel is frequency-nonselective and consequently, those schemes cannot be utilized in a frequency-selective fading channel.
The equalized signal at the th terminal can be represented aŝ
for = 0 ∼ −1 withˆ( ) = 0,¯( ) 1, ( ) ( ) and ( ) = ( ) ( ), where ( ) denotes the equalization weight of broadband ANC at the th terminal .
A. SC-FDE
The equalization weight for SC-FDE signaling is chosen to minimize the mean square error (MSE) betweenˆ( ) and ( ) at the th frequency as
The MMSE equalization weight ( ) for broadband ANC based on SC-FDE radio access at the th terminal is given by [Appendix A] (5). We note here that the reason why factor 2 is present in the denominator of (5) is because the source terminals and the relay transmit with the half of the total available power.
B. OFDM
The ZF equalization weight ( ) for broadband ANC based on OFDM radio access is chosen to satisfy the following condition for all subcarriersˆ( ) = 0,¯( ) 1, ( ) ( ) = 1. From here, the equalization weight ( ) for broadband ANC based on OFDM radio access at the th terminal can be expressed as
Next, the performance of broadband ANC scheme is theoretically analyzed based on the derived equalization weights in this section.
IV. PERFORMANCE ANALYSIS
In this section, we derive the expressions for conditional SINR for broadband ANC communication, first, and then, the uncoded bit error rate (BER) and ergodic capacity expressions are presented. Unlike [3] - [7] , the performance of broadband ANC is evaluated by theory and numerical evaluation in a frequency-selective fading channel. Broadband ANC based on SC-FDE utilizes the entire available frequency band and consequently, the ISI arises which is compensated at the destination through MMSE equalization. However, MMSE equalization cannot completely eliminate the ISI. Thus, the performance is analyzed based on the Gaussian approximation of the residual ISI at the output of FDE. On the other hand, the analysis on broadband ANC based on OFDM radio access, which is based on general approach of converting the frequency-selective channel into the frequency-nonselective one with application of equalization [8] , is used as a reference.
We assume ideal knowledge of CSI with perfect selfinformation cancelation. The analysis with of imperfect knowledge of CSI and self-information removal is beyond the scope of this study.
A. SINR
The decision variables at the th terminal after equalization can be expressed aŝ
where ( ) denotes the residual ISI after equalization given by (8) with˜=
We assume that the residual ISI after FDE, for SC-FDE, can be approximated as a zero-mean complex-valued Gaussian variable and hence, it can be seen from (7) that the OFDM (SC-FDE) equalized (IFFT) output can be seen as a random variable with mean¯( )ˆ(¯( )˜). The sum of the residual ISI and AWGN can be treated as a new zero-mean complexvalued Gaussian noise with variance 2 2 = 2 2 + 2 2 given by (9) where 2 2 and 2 2 are given in Appendix B. Note that in the case of OFDM, the ISI is eliminated by insertion of the GI longer than the maximum channel time delay. Using (7) and (9), the conditional SINR [ / 0 , { , ( )}] of broadband ANC at the th terminal is represented by (10).
B. Uncoded BER
We assume all "1" transmission without loss of generality and QPSK data-modulation. The conditional BER of the th terminal for the given set of channel gains { , ( ); = 0 ∼ − 1} can be expressed as [11] see (8) , where erfc[⋅] denotes the complementary error function [8] . The average BER at the th terminal can be numerically evaluated by averaging (11) over all possible realizations of { 0, ( ),
is the joint probability density function of
The evaluation of the theoretical average BER is done by Monte-Carlo numerical computation method as follows. A set of channel gains { , ( )} is generated and then, { ( )} is computed for particular radio access scheme. The conditional BER as a function of the average signal energy per symbolto-AWGN power spectrum density ratio / 0 is computed using (11) for the given set of channel gains { , ( )}. This is repeated a sufficient number of times to obtain the theoretical average BER given by (12).
C. Ergodic Channel Capacity
The ergodic capacity is the ensamble average of the information rate over the channel distribution. The significance of the ergodic capacity is that for every independent (realization) channel use, we can transmit at the rate defined by ergodic
capacity with error close to zero assuming that asymptotically optimal codebooks are used. When the channel is not known at the transmitter the ergodic channel capacity ( / 0 ) in bps/Hz for the given the average / 0 of the th terminal can be computed as [8] 
where ( / 0 , { , ( )}) is the conditional channel capacity [8] . A closed-form or convenient expression has not been found for integral in (13) and thus, we resort to the numerical computation approach using
The evaluation of ergodic capacity is done by Monte-Carlo numerical computation method as follows. First, we generate a set of channel gains { , ( )} and then, { ( )} is computed based on particular radio access scheme. The SINR (⋅) is computed by (10) to evaluate the ergodic capacity by averaging (14) for the given set of channel gains { , ( )} a sufficient number of times.
V. NUMERICAL AND SIMULATION RESULTS
Numerical and computer simulation parameters are shown in Table II . We assume = 256, GI length of = 32 samples and ideal coherent QPSK data modulation/demodulation. For forward error control we apply { 1 = (111), 2 = (101)} convolutional encoder with coding rate 1/2 and constraint length 3. We assume that for each new frame the state of the encoder is initialized before transmission. At the receiver, a hard decision Viterbi decoder is applied. The information bit sequence length is taken to be =1024 bits. The propagation channel is an = 16-path block Rayleigh fading channel. The normalized Doppler frequency = 10 −4 , where 1/ = 1/[ (1+ / )] is the transmission symbol rate is assumed (under this assumption, the path gains can be considered to remain almost constant over one data-modulated symbol block and vary block-by-block).
= 10 −4 corresponds to mobile terminal moving speeds of 11 km/h for 5 GHz carrier frequency and transmission data rate of 100 M symbols/sec. We assume that the maximum time delay of the channel is less than the GI length (i.e., < with Δ = 1) and that
, all paths in any channel are independent with each other. We assume the system without knowledge of the channel state information at the transmitters, but the perfect channel state information at the receivers (i.e., relay and destinations). We assume no shadowing loss and pathloss.
A. BER Performance
The uncoded and coded BER performances of broadband ANC is illustrated in Fig. 2 as a function of the average signal energy per bit-to-AWGN power spectrum density ratio
It can be seen from the Fig. 2 that the performance of ANC based on SC with MMSE-FDE transmission improves in comparison with OFDM; for BER=10 −3 , the / 0 gain of about 10 dB is obtained. It can be further seen from the figure that the / 0 gain of broadband ANC based on SC-FDE further increases for a lower BER in comparison with OFDM radio access. Note that in this case, at the destination end, each frequency component of the received signal carries a portion of each data modulated symbol (i.e., each symbol is spread over entire frequency band), which is exploited through MMSE-FDE to obtain frequency-diversity gain and improve the performance. The figure shows a fairly good agreement between computer simulation results and numerical analysis based on the Gaussian approximation of the residual ISI after Average
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FDE. We note here that, unlike SC with MMSE-FDE, OFDM system cannot achieve frequency diversity gain unless channel coding is applied. The figure also illustrates that the performance of broadband ANC improves due to the channel coding gain in a frequencyselective fading channel. The performance difference between SC-FDE and OFDM is significantly reduced and it may be further reduced by utilization of the coding techniques such as turbo codes or low density parity check codes. This is left as interesting future work.
B. Impact of Channel Frequency-selectivity
The performance of SC with MMSE-FDE depends on the channel frequency-selectivity and thus, in this subsection we investigate the effect of different propagation scenarios. The channel frequency-selectivity is a function of the number of paths ; as decreases the channel becomes less frequencyselective and when = 1 it becomes a frequency-nonselective channel (i.e., single-path channel). Figure 3 illustrates the dependency of the BER performance on the / 0 with the channel number of paths as a parameter for both uncoded and coded broadband ANC. It can be seen from the Fig. 3(a) that the performance of broadband ANC based on SC-FDE radio access degrades as decreases due to less frequency diversity gain. Note that the performance of broadband ACN based on SC-FDE and OFDM radio access for = 1 is the same. As shown in Fig. 3(b) , the OFDM system converts the frequency-selective channel into a set of frequency-nonselective channels and consequently, the uncoded performance of broadband ANC based on OFDM access will not be affected by the channel frequency-selectivity at all. However, the channel coded performance of broadband ANC based on OFDM degrades as the number of channel paths decreases.
C. Ergodic Capacity
In this section, the ergodic channel capacity given by (14) is evaluated using Monte Carlo numerical computational method. Figure 4 illustrates the achievable ergodic capacity as a function of the / 0 with the number of paths = 16 for both SC-FDE and OFDM broadband access between ( ) analog network coding (i.e., ANC), ( ) cooperative relay networking (i.e., CoopNet) [10] and ( ) conventional network (i.e., single source and destination terminal without relayingw/o relay). We note here that cooperative relaying is defined as single source and destination communication assisted by relay using a two-stage process [10] . During the first stage source transmits to both relay and destination, while in the second stage only relay transmits to destination which combines the signals from both stages before data detection. The figure shows that the ergodic capacity of OFDM without relaying is slightly increased in comparison with ANC scheme. This is because in ANC a total available transmit power is divided between the source terminals and the relay, while without relaying the total power is available at the source terminal. It can be also seen from the figure that broadband ANC based on OFDM achieves a higher channel capacity in comparison with SC-FDE radio access under the same channel conditions. The figure shows that the performance with cooperative relay networking is slightly better than broadband ANC due to the gain obtained through diversity combining. We note here that the ergodic capacity of broadband ANC is evaluated from the end user's perspective, however, the capacity on the network level is doubled in comparison with cooperative relaying. Thus, an appropriate diversity scheme for ANC should be employed to further improve the capacity similar as cooperative relay networking case.
VI. CONCLUSION
In this letter, we presented broadband ANC scheme based on OFDM and SC-FDE radio access in a frequency-selective fading channel. The equalization weights required for broadband ANC communication in a frequency-selective fading channel are derived. The theoretical BER and ergodic capacity analysis for bi-directional ANC scheme using OFDM and SC-FDE radio access in a frequency-selective fading channel was evaluated based on the Gaussian approximation of the residual ISI after MMSE-FDE for SC-FDE, while in case of OFDM the ISI is eliminated by insertion of GI. It was shown that SC-FDE achieves a lower BER, but a worse ergodic capacity in comparison with OFDM under the same channel conditions in a frequency-selective fading channel. Our results show that a drawback of broadband ANC scheme is its lack of diversity combining at the destination, which causes a slightly lower ergodic capacity than cooperative relaying irrespective of transmission scheme. Thus, an appropriate diversity scheme for ANC should be developed to further improve the performance similar as in case of cooperative relay networking. This is left as an interesting future work. This work is based on the assumption of perfect knowledge of CSI and perfect self-information removal. In particular, the accurate channel estimation for broadband ANC is not an easy task in practice because the users pilot signals during the first stage interfere with each other and the relay cannot accurately estimate their corresponding CSIs. To estimate all CSIs we can allocate four time slots to separate different users' pilot signals, but network throughput is reduced. Moreover, CSIs which are estimated at the relay must be fed back to the user terminals which additionally reduces the throughput. Consequently, a novel CE scheme for broadband ANC should be introduced. This is left as an interesting future study.
APPENDIX A The
( ) term for broadband ANC based on SC-FDE radio access defined in Sect. III can be expressed as
where ( ) and ( ) denote the zero mean and independent identically distributed (i.i.d.) complex Gaussian variable with variance 2 0 / . Since data symbols are independent (i.e., [ ( ) * ( )] = ( − )) we obtain
Using (A.1) and (A.2) and after the expectation with respect to the noise components we obtain 
APPENDIX B
We first derive the variance of noise and ISI for broadband ANC based on SC-FDE radio access and then, we present the noise variance for OFDM radio access in which case the ISI is eliminated by the insertion of GI.
The variance of ISI for broadband ANC based on SC-FDE can be represented using (8) as Since different data modulate symbols are independent the ISI variance can be written as
2)
The noise variance for broadband ANC based on SC-FDE can be represented as
[ ( )
Finally, the noise variance is given by
where the equalization weight ( ) is given by (5) . From (7), the noise variance for broadband ANC based on OFDM can be represented as where the equalization weight ( ) is given by (6) .
